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Abstract. In this paper we deal with three generalized notions of amenabil- 
ity, approximate, approximate weak and approximate n-weak amenability. 
The first two were introduced and studied by Ghahramani and Loy in [5]. We 
introduce the third one. Then we investigate some properties of Banach alge- 
bras in each of these classes. Also we consider approximate weak amenability 
and approximate n-weak amenability of second duals. 
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1. INTRODUCTION 

In [5] Ghahramani and Loy introduced the concepts of approximate amenabil- 
ity and approximate weak amenability of Banach algebras. In the same paper 
the authors showed the distinction between each of these concepts and the corre- 
sponding classical notions. Obviously if A is approximately amenable, then it is 
approximately weakly amenable. However the converse is not true. To see this, let 
F2 be the free group with two generators. It is known that £ 1 (F2) is approximately 
weakly amenable but by [5, Theorem 3.2], it is not approximately amenable. If A 
is weakly amenable then it is approximately weakly amenable but the converse is 
not true as it was shown in [5, example 6.2]. In the case that A is commutative, 
A is weakly amenable if and only if A is approximately weakly amenable. 
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The concept of n-weak amenability was introduced by Dales, Ghahramani and 
Gronbeak in [2] , where the authors discussed various cases in which n-weak amenabil- 
ity implies m-weak amenability and some cases which the converse implications 
do not hold. 

Motivated by these distinctions we study further approximate amenability and 
approximate weak amenability. Moreover we introduce and study approximately 
n-weak amenable Banach algebras and approximately cyclic amenable Banach 
algebras. 

Before proceeding further we recall some terminology. 

Throughout A is a Banach algebra and X is a Banach .4-bimodule. Also .4-modulc 
means Banach ,4-bimodule. A linear mapping D : A — ► X is a derivation if 
D(ab) — a.Db + Da.b for a, b £ A. For any x G X, the mapping 5 X : a i — > ax — xa 
,a e A, is a continuous derivation which is called an inner derivation. Let Z 1 (A, X) 
be the space of all continuous derivations from A into X and B 1 (A, X) be the space 
of all inner derivations from A into X. Then the first cohomology group of A with 
coefficients in X is the quotient space H 1 (A, X) = Z 1 {A, X) / B 1 {A, X) . For each 
n > 1, A^ n \ the n-th conjugate space of A, is an „4-modulc, with the module 
actions defined inductively by 

(u, F.a) = (a.u, F) , (u, a.F) = (u.a, F) ,F e A {n) ,u £ A {n - X) ,a E A. 

The second dual of a Banach algebra, equipped with the first [resp. second] Arens 
product is a Banach algebra. For the definitions of these products the reader may 
refer to [1] . We always consider the second dual of a Banach algebra with the first 
Arens product which we denote with □. 

A Banach algebra A is called n-weakly amenable if H 1 (A, A^ ) = 0. Usually, 
1-weakly amenable Banach algebras are called weakly amenable. A derivation D : 
A — ► A* is called cyclic if {Da, b) + (a, Db) = 0, a,b 6 A. We say that A is cyclic 
amenable if every cyclic derivation D : A — ► A* is inner. 

A derivation D : A — > X is called approximately inner if there exists a net (x a ) C 
X such that D{a) = lim a (a.x a — x a .a) (a G A). We say that A is approximately 
amenable if for each Banach ^l-module X every bounded derivation D : A — > X* 
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is approximately inner and it is approximately weakly amenable if every bounded 
derivation D : A — > A* is approximately inner. A is called approximately cyclic 
amenable if every cyclic derivation D : A — > A* is approximately inner. 



2. APPROXIMATE WEAK AMENABILITY 

Recall that A is called essential if A 2 = A. The following theorem can be proved 
by using the arguments of [2, proposition 1.3] and [1, Theorem 2.8.63] with proper 
modifications. 

Theorem 2.1. Suppose A is approximately weakly amenable. Then, 

(i) A is essential; 

If A is commutative, then 

(ii) Z 1 {A,X) = {0} for every ^-module X. 

(iii) if 6 : A — > B is a continuous homomorphism into the Banach algebra B such 
that 6(A) = B, then B is approximately weakly amenable. 

Definition. Let I be a closed ideal in A. We say that I has the approximate trace 
extension property if for each A G I* with a. A = X.a(a G A) there is a net 
(t q ) C A* such that 

T a \i — A (for any a) and a.r a — r a .a — > (a G ^4). 

Proposition 2.2. Let / be a closed ideal in A. 

(i) Suppose that I is weakly amenable and A/ 1 is approximately weakly amenable. 
Then A is approximately weakly amenable. 

(ii) Suppose that A/I is approximately weakly amenable. Then / has the approx- 
imate trace extension property. 

(iii) Suppose that A is weakly amenable and / has the approximate trace extension 
property. Then A/ 1 is approximately weakly amenable. 

Proof. We adapt the argument of [1, Proposition 2.8.66]. 

(i) Suppose t : I — ► A is the natural embedding and D G Z 1 (A 1 A*). Then 
i* o D o t g Z X (I, I*), and so, since I is weakly amenable, there exists Ai G I* with 

(l* o D)(a) = 5 Xl (a) (a € I). 
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Extend Ai to be an element of A* and call it again Ai . By replacing D by D — 6\ 1 , 
we suppose that (l* o D)\i = 0. 
For a,b £ I and c £ A, we have 

(c, L>a&) = (ca, t o D(b)) + (be, i* (a)) = 0, 

and hence D\ T 2 = 0. By [1, Theorem 2.8.63(i)], f 1 = I, and so D\i = 0. If 
we set F = I A + AI, then F = P = I. For each a <E A and b £ I, we have 
a.-Dfr = Dab = 0, and so Da. 6 = 0. Taking c G A, we get 

(b.c,Da) = (c,Da.b) = 

and so Da\i_^ = 0. Similarly -Da)^/ = 0, and hence Da\i — 0. Thus D(A) C J- 1 - 
and the map 

5:^/7 — ^I- 1 , a + 7i — ► Da 

is a continuous derivation. By hypothesis A/ 1 is approximately weakly amenable, 
and so there exists a net (A Q ) C 1^- such that 

Da = lima.A Q — A Q .a (a £ A). 

a 

Therefore 

Da = lima.(A Q + Ai) — (X a + Ai).a (a £ A). 

a 

It now follows that A is approximately weakly amenable. 

(ii) Take A £ A* with A|/ = A. Define 

D:a + I\ — ►a.A-A.a, — > Z 1 " = (A/I)*. 

We see immediately that D £ Z 1 (A/ 1, (A/ 1)*). Since A/ 1 is approximately weakly 
amenable, there exists a net (A a ) £ 1^- such that 

D(a + I) = lima.Ao, — A Q .a (a £ A). 

a 

Set r a = A - A Q £ A*. Then 

T a \i — A (for any a) and lim a.r a — r Q .a = (a 6 i). 

a 

(iii) Suppose 7r : A — ► A/ 1 is the quotient map and D £ Z 1 £ (A/ 1, (A/ 1)*). Set 
D = it* o D o 7r. Then I) e ^(A, A*), and so there exists A £ A* with 

Da = a.X — X.a (a £ A). 
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Clearly Da\i — and hence a.X\i = \\i.a (a G A). Thus by assumption there 
exists a net (r Q ) C A* such that for every a we have t q |j = A|/ and 

lima.T Q — r a .a = (a G A). 

a 

Then A - r Q G J 1 - and 

£>(a + /) = lima. (A — r Q ) — (A — r a ).a (a G .4). 

a 

Now it follows that A/ 1 is approximately weakly amenable. □ 
In the following Proposition we characterize approximately amenable Banach al- 
gebras. 

Proposition 2.3. (i) The following conditions are equivalent; 

(a) A is approximately amenable; 

(b) For any .4-modulc X, every bounded derivation D : A — > X** is approxi- 
mately inner. 

(ii) Suppose that (A**,0) is approximately amenable. Then A is approximately 
amenable. 

(iii) Suppose that B(A, A*) = W(A,A*) and that is approximately 
weakly amenable. Then A is Arens regular and approximately weakly amenable. 
Proof, (i) (a) =^> (b) This is immediate. 

(b) (a). By [5, Theorem 2.1], it suffices to show that if D G Z 1 (A, X), then it 
is approximately inner. 

We have l o D G Z 1 (A, X**), where l : X — > X** is the canonical embedding. By 
(b), there exists a net (a;**) C X** such that 

l o D{a) = lima.x** — x*u - a {a&A). 

a 

Now take e > 0, and non-empty finite sets F C. A, 4> Q X* . Then there is an a 
such that 

| {x* , i o D(a) - (a.x* a * - x* a * .a)) \ < e 
for all x* G 4> and a G F. By Goldstine's theorem there is an x a G X such that 
\(x* ,lo D(a) — (a.x a — x a .a))\ < e 
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for all x* E <fi an d "gf. Thus there is a net (x Q ) C X such that 
Da = w — \ima.x a — x a .a (a E .4). 

a 

Finally, for each finite set F C A, say F = {a\, . . . , a n }, 

(ai.x a - x a .ai, . . . , a n .x a - x a .a n ) — ► (Dai, • • • , Da n ) 

weakly in X n . By Mazure's Theorem, 

{Dai, ■ ■ -,Da n ) E CoW-W{{ai.x a - x a .a u . . .,a n .x a - x a .a n )}. 

Thus there is a convex linear combination xp.n of elements of the set {x a } such 
that 

1 1 Do - (a.x (F , t) - X( Ft€ ).a)\\ <e (a £ F). 
The family of such pairs (F, e) is a directed set for the partial order < given by 
(■Fi, ei) < (^2, e 2 ) if F x C F 2 and e l > e 2 

and 

Da = lim a.x^p^ — X( Fe ya (a E .4). 

(ii) Let D E Z 1 (A,X*) for an 4-module AT. As in [2], X*** is an (4**, □)-module 
and by [1, Proposition 2.7.17] 

D** : (A**, □) — > X*** 

is a continuous derivation. So by assumption there exists a net (A Q ) C X*** such 
that 

D**(f> — hm</>.A Q — A a .(j> (<t> E A**). 

a 

Let P : X*** — ► A"* be the natural projection. Then 

Da = P(Da) = lima.P(A a ) - P(A a ).a (a E 4), 

a 

and so D is approximately inner. Therefore A is approximately amenable, 
(hi) Let D E Z 1 (A,A*). By [1, Proposition 2.8.59] A is Arens regular and 

D** : (A**, □) — > A*** 
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is a continuous derivation. By assumption there exists a net (A a ) C A*** such 
that 

Da = lima.A Q — A a .a (a £ A). 

a 

Let P : A*** — > A* be the natural projection. Then 

Da = lim a.P(A a ) - P(A a ).a (a £ A). 

a 

Therefore A is approximately weakly amenable. □ 

Remark 2.4. By Proposition 2.1 (i) if A is approximately weakly amenable, then 
A 2 is dense in A. This is not the case if we replace approximate weak amenability 
with approximate cyclic amenability as the following example shows. Therefore 
these two concepts are distinct. Indeed this example can be used also to show the 
distinction between weak and cyclic amenability. 

Let S = {s, 0} be the semigroup with binary operation, s 2 = sO = 0s = 2 = 0. It 
is easy to see that every cyclic derivation D : £ (S) — ► £°°(S) is zero and hence 
^(S) is a cyclic amenable Banach algebra. However f-(S) 2 = 0. 

3. APPROXIMATE N-WEAK AMENABILITY 

Definition. Let n be a natural number. We say that A is approximately n-weak 
amenable if any continuous derivation D : A — ► A^ is approximately inner; 
A is permanently approximately weakly amenable if A is approximately n-weak 
amenable for each n £ N. 

The following observations are immediate consequences of the above definition. 

(i) An approximately amenable Banach algebra is permanently approximately 
weakly amenable. 

(ii) A commutative Banach algebra is n-weakly amenable if and only if approxi- 
mately n-weak amenable. 

(iii) A commutative Banach algebra is permanently approximately weakly amenable 
if and only if it is approximately weakly amenable. 

Theorem 3.1. Suppose that A is approximately (n+2)-weak amenable. Then A is 
approximately n-weak amenable. 
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Proof. Let D G Z 1 {A, A n ). Then D can be viewed as an element of Z 1 (A, A {n+2) ), 
and so there exists a net (A Q ) G _4(™+ 2 ) with 

Da = lima.A Q — A a .a (a & A). 

a 

Let P : A (n+2) — > A {n) be the natural projection. Then 

Da = P(Da) = lima.P(A a ) - P(A a ).a (a G A). 

a 

and so D is an approximately inner derivation. Thus A is approximately n-weak 
amenable. □ 

Suppose A is not unital and A# = Ce © A is its unitization. Define e* G A# by 
requiring that (e*,e) = f and e*\j[ = 0. Then we have the identifications 

A* (2n) = Ce © A^ (neN), 

A # (2n+1) =Ce * eA (2n+l) ( „ eZ+) . 

The module actions of >4# on „4# <2 " +1) are given by 

(ae + a).(^e* + A) = (cry + (A, a))e* + aX + a. A, 

(7c* + A).(ae + a) = (cry + (A, a))e* + aA + A. a. 

where a, 7 G C and a G A G ^4# <2 ™ +1> . The assymetry of results for odd 
and even duals in the next proposition is due to the fact that _4( 2n+1 ) is not a 
submodule of _4# <2 ™ +1) , but A^ 2n ^ is a submodule of ^4 #<2 " ) 
Proposition 3.2. Let A be a non-unital Banach algebra and n G N. 

(i) If A# is approximately 2n-weak amenable, then A is approximately 2n-weak 
amenable. 

(ii) If A is approximately (2n-l)-weak amenable, then A* is approximately (2n- 
l)-weak amenable. 

(iii) Suppose that A is commutative. Then _4 # is approximately n-weak amenable 
if and only if A is approximately n-weak amenable. 

Proof. We adapt the argument of [2, Proposition 1.4]. 
(i) Let D G Z 1 {A,A 2n ) and define 

D:A* >A 2n , ae + o — > Da, 
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Certainly D is a continuous derivation and hence can be viewed as an element of 
Z 1 {A*,A* { - 2n) ). So there exists a net (A^) C A* {2n) such that 

Da = lima.A Q — A a .a (a £ A). 

a 

Using the identity A* {2n) = Ce* © A (2n) for every a we find A Q e A {2n) and 
7 Q G C such that A Q = 7 Q e* + A Q and so 

Da = lima.Ao, — A a .a 

a 

(ii) Let 

D:A — >Ce*®A 2n -\ a i — > (a, \}e* + D(a) 

be a continuous derivation. It is easy to see that D : A — ► A 2 ™ -1 is a continuous 
derivation, and so there exists a net (A Q ) C A 2n ~ x such that 

D(a) = lima.A a — A a .a (a e A). 

a 

Let a,b £ A. Then we have 

(A, ab) = {Db, a) + (Da, b) 

= lim(6.A Q — A a .b, a) + lim(a.A Q — A a .a, b) 

a a 

= lim((A a , ab) - (A a ,ba) + (A a ,ba) - (A a ,ab)) = 0. 

a 

So A|_42 = 0. On the other hand by Theorem 3.1 A is approximately weakly 
amenable, and hence by Proposition 2.1(i), A 2 is dense in A It follows that A = 0, 
and so D = D is an approximately inner derivation. 

(iii) This can be proved with an argument similar to [2, proposition 1.4(iii)]. □ 
Remark 3.3. From part (ii) of the preceding proposition we conclude that if A 
approximately weakly amenable then so is A*; But we do not know whether its 
converse is true in general. Although in the case that A has a bounded approximate 
identity the converse is true. For approximate cyclic amenability the situation is 
more smooth as we see in the next proposition. 

Proposition 3.4. Suppose A is non-unital. 

(i) A is approximately cyclic amenable if and only if A& is approximately cyclic 
amenable. 

(ii) Suppose A has a bounded approximate identity. Then A is approximately 
weakly amenable if and only if A* is approximately weakly amenable. 
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Proof, (i) Suppose A is approximately cyclic amenable. Then by Proposition 3.2 
(ii) so is A* . Conversely, let D : A — ► A* be a cyclic derivation. As in the proof 
of [7. Proposition 2.1] 

D:A* — >(A*)*, ae + ai — ► Da, 
is a cyclic derivation; So there exists a net {a* + X a } C A* ® C such that 
D(a + A) = lim(a + A) (a* + A Q ) - (a* + A Q )(a + A) (a e A, X E C). 

a 

Therefore 

Da = lima. a* — a* .a (a G *4). 

a 

(ii) This follows from Proposition 3.2 (ii) and [7, corollary 2.2]. □ 
The following theorem is a partial converse of Theorem 3.1. 

Theorem 3.5. Suppose A is approximately weakly amenable and A is an ideal in 
(A**, □). Then A is approximately (2n+l)-weak amenable for every neN. 
Proof. We adapt the argument of [2, Proposition 1.13]. For n G Z + , we regard 
^(2«+2) ag seconc j d ua l f (A 2n , □) taken with the first Arens product □, and, 
for to < n, we regard (A 2m , □) as a sub algebra of (A 2n , □). 

Fix n G N. Since .4. is an ideal in (A**, □) then for each a G A, the operators i a 
and R a on .4. are weakly compact, and so the operators l} 2 ^ and i?i 2 ™^ are weakly 
compact on (A 2n , □). Thus a.^.a G .4( 2 ™- 2 ) for a e 4 and <p G yl (2,l) . Further, 
ai . . . a n .(p and <j>.a\ . . . a n belong to A for oi, . . . , a n G A and G A^ 2n \ Let the 
map P : A (2n+1 ^ — > A* be the natural projection. Then 

A (2n+1) = A * e ^± 

as ^4-modules. 

Suppose L> G Z 1 ^,^^ 1 )). Then there are derivation D 1 G Z 1 ^,^*) and 
L> 2 G Z 1 ^,^) such that 

Da = Dxa + D 2 a (a e A). 

By assumption Di is approximately inner, and so it suffices for the result to show 
that Di is approximately inner. 
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Let a,b£ A^ where the later algebra is the n-th power of A. For each <j) & A^ 2 ^ 
we have (p. a, b.<f> £ A as we saw in the first paragraph and hence 

(D 2 (ab),(f>) = {D 2 a.b, <j>) + (a.D 2 b, <j>) = (D 2 a, b.<f>) + (D 2 b, 4>.a) = 

So D 2 (ab) = 0. It follows that D 2 \ A[2n] = 0. By Proposition 2.1 (i), A [2n] is dense 

in A, and so D 2 =0. Therefore the result follows. □ 

The following Theorem is a generalization of [1, Proposition 2.8.59]. 

Theorem 3.6. Let n £ N and B{A,A {2n+ ^) = W{A,A < - 2n+1 ^. 

(i) Suppose that (A**,D) is (2n+l)-weakly amenable. Then A is (2n+l)-weakly 
amenable. 

(ii) Suppose (A**, □) is approximately (2n+l)-weak amenable. Then A is approx- 
imately (2n+l)-weak amenable. 

Proof, (i) Suppose D £ Z 1 {A, A {2n+1 ^). Take </>,i/> £ A**, T £ A {2n+2 ^ and 
bounded nets (a a ) and {bp) in A with 

a a — ► <j> and bp — > ip ina(A**,A*). 

We have 

D**{<f)U^) = limlim(£)(a a ).6 / 3 + a a .D{b fj )). 

a 

On the other hand we have 

limlim(D(a a ).bp,T) = limlim(D(a Q ), bpOT) 

a P a p 

= \im(D{a a ),ipar) 

a 

= {D** (4>). v»,r>. 

Similarly we have 

Iimlim(o Q .D(6 / ,),r) - (<p.D**(tp), T). 

a p 

Thus D** £ Z 1 (A*\A {2n+? ' ) ) and so since A** is (2n+l)-weakly amenable, there 
exists A £ A (2n+i) such that 

D**((f>) = 4>.\-X4 (</> £ A**). 

If P : A {2n+Z) — > A {2n+1) is the natural projection, then 

D(a) = a.P(X) - P(X).a (a £ A) 
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Therefore A is (2n+l)-weakly amenable. 

(ii) Suppose D e Z 1 (A,A^ n+1 ^). As in part (i) D** e Z 1 ^**, ^( 2 ™+ 3 )). Thus 
there exists a net (A a ) C A 2n+3 such that 

D**(</>) = lim<£.A Q -Aa.0 (0 6 4"). 

a 

If P : _4( 2 "+ 3 ) — > A (2n+1) is the natural projection, then 

D(a)=\ima.P(X a )-P(X a ).a (a & A). 

a 

Therefore A is approximately (2n+l)-weak amenable. □ 
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